We give a characterization of the complex Euclidean space C n , proving a global Newlander-Nirenberg's theorem on the representability of complex structures close to the standard complex structure on C n .
Notations and result
Let M be a smooth real manifold of dimension 2n. An almost complex structure J on M is a tensor field of type (1, 1) A structure J is called formally integrable if N vanishes at every point of M . The fundamental theorem of Newlander -Nirenberg [7] states that the formal integrability is equivalent to integrability. In the present note we prove a global version of this result for almost complex structures defined on the whole space R 2n . Our approach is a modification of the classical Hörmander's proof [5] of the Newlander-Nirenberg theorem.
Let J be an integrable almost complex structure of class C 3 on R 2n . We assume that
where λ > 0 is small enough. Fix a basis ω j , j = 1, . . . , n of differential forms of type (1,0) with respect to J on R 2n . Since J is close to J st we can choose ω j in the form ω j = dz j + n k=1 b jk dz k where the C 3 coefficients b jk are small enough. Consider the Hermitian metric ds 2 = δ ij ω i ⊗ω j on R 2n (here δ ij denotes the Kroneker symbol). This metric is compatible with J. If the (1,0) vector fields ω j * = ∂/∂z j + k a jk ∂/∂z k are dual to the forms ω j , then they form an orthonormal basis of the tangent space T (1,0) M of (1, 0) vector fields with respect to ds 2 . Since ∂ J ω j is a (0, 2)-form, we have ∂ J ω j = 1≤k<l≤n b j k,l ω k ∧ ω l where the C 2 coeficients b j k,l can be explicitely expressed in term of the almost complex structure tensor J and its first order derivatives. In what follows we use the following differential operators: δ j h = e ϕ [∂(he −ϕ )/∂ω j ] where ϕ is a fixed real function of class C 2 . In particular, when J = J st we write δ 0 j w = e ϕ [∂(we −ϕ )/∂z j ]. Recall also the following identities (see [4] , p.124): where
are the coefficients of the Levi form of the function ϕ with respect to the structure J. The C 1 coeficients c i kj are determined by the derivatives of J up to the second order. We point out that ϕ jk = ϕ kj .
An integrable almost complex structure J on R 2n is called nondegenerate if there exists a constant τ 0 > 0 such that :
where ϕ(z) = n j=1 |z j | 2 . In this paper we prove the following result. Theorem 1.1. There exists a positive real number λ such that for every nondegenerate integrable almost complex structure J of class C 3 on R 2n satisfying Condition (1.1) the manifold (R 2n , J) is biholomorphic to C n = (R 2n , J st ).
One can view this result as a global version of the classical Newlander-Nirenberg theorem [7] or an analog of Hamilton's theorem [2] for the whole complex affine space.
Integration by parts
2.1. Green formula on a complex manifold. In this section we explain how to use the standard techniques of integration by parts in order to obtain L 2 estimates for the ∂ J -operator, similar to Hörmander's estimates for the standard∂-operator. We consider a slightly more general situation than needed for the proof of Theorem 1.1. The notations will be the same as in Section 1 and as in [5] .
Let Ω be a domain in R 2n with smooth boundary (we do not assume Ω to be bounded; in particular it may coincide with R 2n ). We suppose that ∂Ω = {ρ = 0} where ρ is a smooth function with nonvanishing gradient. We suppose that J is an integrable almost complex structure of class C 3 on Ω and such that
where λ is a positive real number, small enough.
Let ϕ be a function of class C 2 on R 2n . Denote by dV 0 the standard euclidean volume form on R 2n (identified with C n ) and by dS 0 its restriction to the boundary of Ω. We have the following classical Green formula ( [4] ):
Fix a (1,0) basis ω j , j = 1, ..., n of 1-forms on Ω. As mentioned in the first section, since J is close to J st , we can choose ω j in the form
where the smooth coefficients b jk are small enough. As above fix the hermitian metric ds 2 = δ ij ω i ⊗ ω j in a neighborhood of Ω and consider the (1,0) vector fields ω j * = ∂/∂z j + k a jk ∂/∂z k , dual to the forms ω j . Then the volume form dV = n j=1 ω j ∧ ω j defined by ds 2 is given by the expression
where the density Φ can be written explicitely in terms of b jk . Then we have the following Green formula:
For any two smooth functions u and v with compact supports in R 2n , the Green formula implies the following "integration by parts" equality:
2.2.∂-complex and basic inequalities. Consider the following two maps of the ∂-complex on (Ω, J):
where the space L 2 0,k (Ω, ϕ k ) , equipped with the weighted scalar product and norm, is defined as in [4, 5] .
Then ∂u = j u ω j ω j for every u ∈ C ∞ 0 (Ω). Using the above integration by parts formula and following the classical method of [4, 5] we obtain the basic inequalities :
for any smooth f = j f j ω j ∈ D T * with compact support in C n . Here also
According to the Cauchy-Schwarz inequality, for every ε > 0 there exists δ > 0 (which can be explicitely expressed in terms of ε) such that |A| ≤ ε f 2 ϕ +ε ∂f
Deformations of the complex structure on C n
In this section we prove Theorem 1.1. We assume everywhere that we are in the hypothesis of this Theorem. In particular we use the notation ϕ(z) = n j=1 |z j | 2 and we suppose that J is a nondegenerate integrable almost complex structure satisfying Condition (1.1). We proceed in several steps.
3.1. ∂-problem for a perturbed complex structure on (C n , J). The following proposition is a straightforward generalization of the classical result of [4, 5] . Proof. Fix a smooth function η with a compact support in R 2n and equal to 1 in a neighborhood of the origin. Then the functions η ν (z) = η(z/ν) satisfy the condition n k=1 |∂η ν /∂ω k | ≤ const. (3.1) Lemma 5.2.1 of [5] implies that the space D 0,1 (C n ) is dense in D T * ∩ D S for the graph norm f → f ϕ + T * f ϕ + Sf ϕ . Now the basic inequality of Section 2 (with ψ = 0) and Condition (1.2) imply for any f ∈ D T * ∩ D S :
where the real positive number ε may be chosen arbitrary small if λ is small enough. The remaining of the proof follows the proof of Theorem 4.4.1 of [5] . We set τ 1 := τ 0 − ε.
Dilations. Consider the equation
for k = 1, ..., n. Consider also the isotropic dilations at the "point at infinity" :
If we set J δ = (d δ ) * (J) and u k δ (z ′ ) = u k (δ −1 z) then :
According to Proposition 3.1 there exists a solution u k δ of (3.4) satisfying
On any compact subset K of C n we have sup z∈K |z ′ | −→ 0 as δ −→ 0. Furthermore, it follows by Condition (1.1) that
Furthermore, slightly generalizing classical arguments of [5] (Lemma 5.7.2) we have the following statement.
Lemma 3.2. There exists a constant C 1 > 0 independent of δ such that
where B denotes the unit ball in C n .
Proof. Fix a function ξ in C ∞ (C n ) with compact support in 2B, and such that the restriction of ξ to B is identically equal to 1. The integration by part argument shows that there exists a constant C 3 > 0 depending only on J such that :
Indeed, taking the weight function ϕ = 0, then δ j = ∂/∂ω j and for u :
It follows from the integration by parts formula in Section 2, quite similarly to the standard arguments of [4, 5] , that the integrals on the right hand side of the previous equality can be bounded from above by u L 2 and ∂u L 2 . Therefore there exist positive constants C 3 , C 4 and C 5 such that :
. In particular, the L 2 Sobolev norm W 1,2 (Ω) of u is arbitrarily small. In order to obtain an estimate of the C 1 norm, we iterate this argument. For instance, set g k i = ∂u k ∂ω i . Then the above argument gives the existence of C 6 , C 7 > 0 such that :
The Sobolev embedding theorem implies the desired statement. Hence, choosing λ sufficiently small, we can assume that :
Therefore the functions f k = z k − v k δ are J-holomorphic on C n . Finally, consider a sequence (δ j ) j decreasing to 0. Since v k δ j C 1 (δ −1 j (B)) are uniformy bounded by Condition (3.5), we may assume by Montel's theorem (passing to a subsequence) that the sequence (f k δ j ) j converges uniformly on compact subsets of C n to f k with ∂ J f k = 0 (we may apply Montel's theorem since, according to the Newlander-Nirenberg theorem, we can cover every relatively compact subset of C n by open charts biholomorphic to open subsets of C n equipped with J st ).
Since v k
In particular |f (z)| −→ ∞ as |z| −→ ∞ and f is a proper map from C n to C n . It follows from the definition of the degree of a map that f is a diffeomorphism for r small enough. This proves Theorem 1.1.
Examples and remarks
The assumptions of Theorem 1.1 can be improved. For instance the function ϕ : z → j |z j | 2 in the definition of a nondegenerate structure may be replaced by any strictly plurisuharmonic exhaustion function. The C 3 smoothness assumption on J may also be weakened (see for instance [3, 8, 10] ).
Finally, the relation between the strict plurisubharmonicity of the function ϕ and the condition (1.1) is not clear, because of the presence of the first derivatives of this function in the expression of the Levi form coefficients. However if we replace Condition (1.1) by the stronger assumption that J tends to J st together with all derivatives up to the order 2 as j |z j | 2 −→ ∞, then the nondegeneracy of J follows. This shows also that it is not difficult to produce examples of structures satisfying the assumptions of Theorem 1.1. One may consider a smooth diffeomorphism F : R 2n −→ R 2n such that F converges to the identity map together with all partial derivatives up to order 3 as j |z j | 2 tends to infinity, and set J = F * (J st ).
Finally we point out that there exist integrable almost complex strucures on R 2n without nonconstant plurisubharmonic functions (cf. [1] ). The simplest examples come from the complex projective space CP n . Proof. Consider the complex projective space CP n and the affine space C n equipped with the standard complex structures J P st and J st respectively. Let also π : CP n −→ C n be the canonical projection. Then CP n = π −1 (C n )∪S where S ("the pullback of infinity") is a smooth compact complex hypersurface in CP n . After an arbitrary small perturbation of S we obtain a smooth compact real submanifoldS of codimension 2 in CP n . For such a general perturbation, the manifoldS will be generic almost everywhere, meaning that the complex linear span of its tangent space in almost every point is equal to the tangent space of CP n at this point. According to well known results (see for instance [6, 9] ) such a manifold is a removable singularity for any plurisubharmonic function. More precisely, if u is a plurisubharmonic function on CP n \S then there exists a plurisubharmonic functionũ on CP n such thatũ| CP n \S = u. Therefore any function which is plurisubharmonic (with respect to J P st ) on CP n \S is constant. Let now Φ : CP n −→ CP n be a diffeomorphism such that Φ(S) = S. Then the complex structure J := (π • Φ) * (J P st ) satisfies the statement of Proposition 4.1.
